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1. INTRODUCTION

Recently, optimization in dynamic environ-
ments has attracted a growing interest, due to its 
practical relevance. Many real-world problems 
are dynamic optimization problems (DOPs), 
i.e. their objective function changes over time: 
typical examples are in vehicle routing (Larsen, 
2000), inventory management (Minner, 2003) 
and scheduling (Branke & Mattfeld, 2005). For 
dynamic environments, the goal is not only to 

locate the optimum, but to follow it as closely 
as possible. A dynamic optimization problem 
can be expressed by:

max f x t

s t h x t for j p

g x t for k
j

k

( , )
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where f x t( , )  is the objective function of the 
problem, h x t

j
( , )  denotes the j th  equality 
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constraint and g x tk
( , )  denotes the kth  inequal-

ity constraint. Both of them may change over 
time, denoted by t . In this article, we focus 
on a dynamic optimization problem with time 
constant constraints.

The main approaches to deal with DOPs 
can be classified into the following five groups 
(Jin & Branke, 2005):

1.  Generated diversity after a change: 
When a change in the environment is de-
tected, explicit actions are taken to increase 
diversity and to facilitate the shift to the 
new optimum.

2.  Maintained diversity throughout the 
run: Convergence is avoided all the time 
and it is hoped that a spread-out population 
can adapt to change more efficiently.

3.  Memory-based approaches: These meth-
ods are supplied with a memory to be able 
to recall useful information from the past. In 
practice, they store good solutions in order 
to reuse them when a change is detected.

4.  Multipopulation approaches: Dividing 
up the population into several subpopu-
lations, distributed on different optima, 
allows tracking of multiple optima simul-
taneously and increases the probability to 
find new ones.

5.  Future prediction: Recently, another kind 
of methods, trying to predict future changes, 
has attracted much attention (Rossi, Abder-
rahim, & Diaz, 2008), (Rossi, Barrientos, 
& Cerro, 2007), (Simoes & Costa, 2008). 
This approach is based on the fact that in 
a real problem, changes can follow some 
pattern that could be learned.

We focus on population-based metaheuris-
tics, which are global search, generally bio-
inspired, algorithms. We can roughly classify 
them in four categories: evolutionary algorithms 
(EAs), particle swarm optimization (PSO), ant 
colony optimization (ACO) and hybrid methods. 
We will now describe dynamic metaheuristics 
that have been proposed in the literature in each 
of these categories.

A lot of existing dynamic optimization 
methods are EAs. EAs can be indeed well suited 
for optimization in changing environments, 
since they are inspired by the principles of natu-
ral evolution, and natural evolution deals very 
well with environmental changes. In (Rossi, 
Abderrahim, & Diaz, 2008), the algorithm 
incorporates a motion prediction technique 
based on Kalman filter, in order to improve the 
speed of optimum tracking. This kind of predic-
tion could be suited for many problems, but it 
increases the complexity of the algorithm and 
the number of parameters. In (Tinos & Yang, 
2007), the authors propose to maintain diversity 
in a genetic algorithm (GA) by replacing the 
worst individual and some others with randomly 
generated individuals, and maintaining their 
offspring in a subpopulation. However, this 
method is only designed for discrete problems 
(DDOPs). Another GA is described in (Yang, 
2006), that is based on immune system and 
also devoted to DDOPs. In (Huang & Rocha, 
2005), an agent-based coevolutionary GA is 
proposed. This algorithm makes coevolve the 
way the genotype of an agent is read along 
with its genotype. Thus, the chromosomes are 
transcripted into their “edited” counterparts, 
using the “editors” which coevolve with them, 
then crossed-over and mutated. In (Mendes & 
Mohais, 2005), a multipopulation differential 
evolution (DE) algorithm is proposed, in which 
some techniques are added in order to increase 
diversity. DE is a population-based approach, its 
strategy consists in generating a new position 
for an individual according to the differences 
calculated between other randomly selected 
individuals. This algorithm is based on two 
main parameters, that must be correctly fitted. 
However in (Mendes & Mohais, 2005), these 
parameters are randomly generated in order to 
make DE easier to use.

Another widely used class of algorithms for 
dynamic optimization is PSO. PSO is a popula-
tion-based approach, similar in some respects to 
EAs, except that potential solutions (particles) 
move, rather than evolve, throughout the search 
space (Blackwell & Branke, 2004). The move 
rules, or particle dynamics, are inspired by 
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models of swarming and flocking (Kennedy & 
Eberhart, 1995). In this class of methods, we 
can cite (Blackwell & Branke, 2004), where the 
authors propose two multi-swarm algorithms 
based on an atomic model. The first algorithm 
uses multiple swarms, composed of a sub-swarm 
of mutually repelling particles, orbiting around 
another sub-swarm of neutral, or conventional 
PSO particles. The second algorithm is based on 
a quantum model of the atom, where the charged 
particles (electrons) will not follow a classical 
trajectory, but will be rather randomized within 
a ball centered on the swarm attractor. Both of 
these algorithms place their swarms on each 
of localized optima, thus letting each swarm 
track a different optimum. However, these 
methods have many parameters that must be 
suitably fitted. Moreover, the obtained results 
with these methods are not good enough. This 
approach of using charged particles is also used 
in (Blackwell & Branke, 2006) and (Li, Branke, 
& Blackwell, 2006), with other techniques to 
increase diversity and to track optima. Another 
PSO algorithm is proposed in (Du & Li, 2008), 
that uses two populations of particles. The first 
one is for diversification, and the second is for 
intensification.

Another class of algorithms, ACO, has 
been used for dynamic optimization. ACO is 
also a population-based approach using swarm 
intelligence, inspired from the way ants find the 
shortest path between the nest and a source of 
food (Dorigo & Gambardella, 2002). In this class 
of methods, we can cite (Dréo & Siarry, 2006), 
that proposes to hybridize an ACO algorithm 
with the Nelder-Mead simplex method (Nelder 
& Mead, 1965) for local search. A modified 
Nelder-Mead simplex method is also devel-
oped in this article for dynamic optimization. 
However, this method does not perform well 
on functions having a lot of local optima. In 
(Tfaili & Siarry, 2008), charged ants are used 
in order to maintain diversity. Moreover, the 
attribution of an electrostatic charge to each ant 
prevents them from converging to same local 
optima. The performances of this method are 
not good enough, according to the benchmark 
defined in (Dréo & Siarry, 2006).

In order to perform better on dynamic prob-
lems, some authors have tried hybrid methods, 
like in (Lung & Dumitrescu, 2007) and (Lung 
& Dumitrescu, 2008), that propose hybrid PSO/
EAs algorithms. However, the results of those 
methods are not so different from PSO or EAs 
methods, described previously.

An algorithm proposed in (Moser & 
Hendtlass, 2007) is based on extremal optimi-
zation (EO). EO does not use a population of 
solutions, but improves a single solution using 
mutation. This algorithm uses a “stepwise” 
sampling scheme that samples every dimen-
sion of the search space in equal distances. 
Then, the algorithm takes the best candidate 
as the next solution, afterwards it proceeds to 
a hill-climbing phase, in order to fine-tune the 
solution. Then, the solution is stored in memory, 
and the method is applied again on another 
randomly generated solution. This algorithm is 
simple and efficient, and allows to obtain good 
results on a specific test called the “Moving 
Peaks Benchmark” (MPB) (Branke, 1999). 
However, this method is especially developed 
and fitted for this benchmark, and it seems not 
applicable in real world problems.

In this article, a new method is proposed 
to solve dynamic optimization problems. Our 
algorithm, called “MADO”, for “MultiAgent 
Dynamic Optimization”, has been developed in 
order to be efficient for solving a wide range of 
DOPs. It is a multiagent method, that makes use 
of a population of agents to explore the search 
space. The proposed algorithm is based on the 
following considerations: when optimizing in 
a multimodal environment, we need to keep 
track of each local optimum, to overcome the 
case where the global optimum “jumps” from 
one of them to another. The found optima are 
archived in a memory. Then, this memory can 
be used when a change is detected.

It is common that real world problems 
have time costly evaluation of fitness functions. 
Hence, the computational cost of the proposed 
algorithm should be made as short as possible 
and expressed in terms of number of evalua-
tions. The proposed algorithm makes use of the 
following inspirations:
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Keeping information about the previ-
ous positions allows to prevent wasting 
evaluations in unpromising zones of the 
search space;
Using a sampling of candidate solutions 
that optimally cover the local landscape 
may reduce the number of evaluations 
per trajectory step, without decreasing 
performance. For this goal, we maximize 
the distances between all the candidate 
solutions, whereas keeping them con-
stricted into the current local landscape. 
More precisely, it is done by evaluating 
the candidate solutions on the surface of 
an hypersphere centered on the current 
position;
The sampling of candidate solutions is 
adaptable to the local landscape. This is 
done by using an adaptable radius for the 
above-mentioned hypersphere;
An exclusion radius for the current solu-
tion of each search trajectory is used to 
avoid the case where some search trajec-
tories explore the same area of the search 
space.

The rest of this article is organized as fol-
lows. Section 2 presents test problems used in 
the literature and introduces the benchmark set 
that will be used here. Section 3 describes the 
proposed algorithm. Experimental results are 
discussed in Section 4. Conclusion and works 
in progress are in Section 5.

2. BENCHMARK SET FOR 
DYNAMIC OPTIMIZATION

Table 1 presents a summary of competing 
methods available in the literature and gives 
the test problems used by each one. The test 
problems gathered in the first column of Table 
1 are those used by the competing methods. 
These competing methods are described in the 
references listed in the third column. From Table 
1, one can remark that the most commonly used 
testbed is the Moving Peaks Benchmark (MPB) 
(Branke, 1999). This benchmark is becoming 

the standard for testing dynamic optimization 
algorithms, and is claimed to be representative 
of real world problems (Branke, 1999). To 
compare our algorithm to the competing ones, 
this testbed was adopted.

MPB consists of a number of peaks that 
vary their shape, position and height randomly 
upon time. At any time, one of the local optima 
becomes the new global optimum. MPB gen-
erates DOPs consisting of a set of peaks that 
periodically move in a random direction, by a 
fixed amount s  (the change “severity”). The 
movements are autocorrelated by a coefficient 
0 1 , where 0 means uncorrelated and 
1 means highly autocorrelated. The peaks 
change position every  iterations (function 
evaluations), and  is called time span. The 
fitness function for the landscape of MPB is 
formulated as follows:

F x t max H t W t x X t
i m i i

j

d

j ij
( , ) = ( ) ( ) ( )

=1,...,
=1

2

 
 (2)

where m  is the number of peaks, d  is the 
number of dimensions, H t

i
( )  is the height of 

the ith  peak at the time t , W t
i
( )  is the width 

of the ith  peak at the time t  and X t
i
( )  is the 

position of the ith  peak at the time t .
Figure 1 illustrates an MPB landscape be-

fore and after a change (after one time span).
In order to evaluate the performance, the 

“offline error” is used. Offline error (oe ) is 
defined as the average of the errors of the best 
points evaluated during each time span. It is 
defined by:

oe
Nc Ne j

f f
j

Nc

i

Ne j

j ji
=
1 1

( )=1 =1

( )
* *  (3)

where Nc  is the total number of fitness land-
scape changes within a single experiment, 
Ne j( )  is the number of iterations performed for 
the j th  state of the landscape, fj

*  is the value 
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Table 1. Summary of recent DOP algorithms 

Test problems Base 
algorithm Authors

MPB
1

 and the dynamic Rastrigin function PSO
2 Du & Li, 2008

various continuous dynamic problems (Dréo & Siarry, 2006) ACO
3 Tfaili & Siarry, 2008

a computer vision problem EAs
4 Rossi, Abderrahim, & Diaz, 2008

MPB Hybrid 
PSO/EAs Lung & Dumitrescu, 2008 (ESCA)

MPB Hybrid 
PSO/EAs Lung & Dumitrescu, 2007 (CESO)

MPB EO
5 Moser & Hendtlass, 2007

a set of discrete dynamic problems (Yang, 2003), (Yang & Yao, 
2005) GA

6 Tinos & Yang, 2007

a set of discrete dynamic problems (Yang, 2003), (Yang & Yao, 
2005) GA Yang, 2006

various continuous dynamic problems (Dréo & Siarry, 2006) ACO Dréo & Siarry, 2006

MPB PSO Li, Branke, & Blackwell, 2006

MPB PSO Blackwell & Branke, 2006 (2nd 
version)

MPB DE
7 Mendes & Mohais, 2005

a testbed proposed by the authors EAs Huang & Rocha, 2005

MPB PSO Blackwell & Branke, 2004 (1st 
version)

1 The Moving Peaks Benchmark (Branke, 1999). 2 Particle Swarm Optimization. 3 Ant Colony Optimization. 4 Evolutionary 
Algorithms. 5 Extremal Optimization. 6 Genetic Algorithm. 7 Differential Evolution.

Figure 1. An MPB landscape before and after a change
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of the optimal solution for the j th  landscape 
and fji

*  is the current best fitness value found 
for the j th  landscape.

We can remark that this measure has some 
weaknesses: it is sensitive to the overall height 
of the landscape, and to the numbeof peaks. It 
is important for an algorithm to find the global 
optimum quickly, to minimize the offline error. 
Hence, the most successful strategy is a multi-
solution approach that keeps track of every local 
peak (Moser & Hendtlass, 2007).

3. THE PROPOSED 
MADO ALGORITHM

3.1 Overall Scheme

MADO is a multiagent algorithm that consists 
in the following three modules:

1.  Memory module: In case of a multimodal 
environment, a dynamic optimization 
method needs to keep track of each local 
optimum found, since one of them can 
become the new global optimum after a 
change. We propose to use a memory to 
archive the found optima.

2.  Agent manager: It contains all the agents, 
and manages their execution, creation and 
deletion. Agents are nearsighted (they have 
only a local vision of the search space). 
More precisely, agents are only perform-
ing local search, they jump from their 
current position to a better one, in their 
neighborhood, until they cannot improve 
their current solution, reaching thus a local 
optimum.

3.  Coordinator: It counterbalances the near-
sightedness of the agents. The coordinator 
has indeed a global vision of the search 
performed by the agents, and it is able to 
prevent them from searching in unpromis-
ing zones of the search space. The coor-
dinator supervises the whole search, and 

manages the interactions between memory 
and agents modules.

In the following subsections, a detailed de-
scription of the overall scheme of the method is 
presented. Subsequently, the three modules that 
compose the MADO algorithm are described. 
Afterwards, the fitting of the parameters of the 
algorithm is presented, and their values, further 
used in the experimental section, are given.

The overall scheme of the MADO algorithm 
is illustrated in Figure 2. As it is shown, all the 
interactions between the memory manager and 
the agent manager are through the coordinator. 
Moreover, all global decisions are taken by the 
coordinator. The memory manager maintains 
the archive of local optima, that are provided 
by the coordinator. The agent manager informs 
the coordinator about the found optima, and 
receives its instructions for creating, deleting, 
and repositioning agents.

Before explaining in detail these modules, 
we need to describe how the distances are 
calculated in MADO. As we are considering 
an Euclidian space of d  dimensions as the 
search space, the Euclidian distance will be 
used. However, the search space may not have 
the same bounds on each dimension. Then, we 
will use a “normalized” basis. We denote by 

i
 the size of each interval that defines the 

search space, with i d[1, ] . Then, the unit 
vectors ei  in the direction of each axis of the 
Cartesian coordinates system are “scaled” in 
order to produce modified unit vectors u

i
, that 

make all the i  equal to 1  in the basis defined 
by these modified unit vectors. This is done 

by using { = , = ,..., = }
1

1

1
2

2

2

u
e
u

e
u

e
d

d

d

 

as the basis of the Euclidian space where the 
search space is defined. Consequently, when 
an hypersphere inside the search space is con-
sidered, it will correspond to an ellipsoid in the 
canonical basis.
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3.2 Agent Management Module

3.2.1 The Exploration 
Strategy of the Agents

Agents explore the search space step-by-step, 
moving from their current position to a better 
one in their neighborhood, until they reach a 
local optimum. Hence, to precisely describe 
the behavior of the agents, we first explain the 
used kind of neighborhood, and how the agents 
make use of it. As agents are nearsighted, they 
can only test candidate solutions for their next 
move in a delimited zone of the search space, 
centered on their current position. This zone 
must be bounded. Without any information 
about the local landscape of an agent, a good 
choice is to make it isotropic. Then, the most 
adapted topology is a ball. To keep small the 
number of fitness function evaluations, we need 
a sampling that optimally covers the local land-
scape. Afterwards, we maximize the distances 
between all candidate solutions inside this 

ball. It leads to sample them on the boundary 
of the ball (on a hypersphere centered on the 
current solution of an agent). This delimited 
zone of the search space must be adaptive to 
the local landscape, to increase the efficiency 
of the agents. It is done by using an adaptive 
radius for the ball that defines this zone. From 
all these considerations, we define the neigh-
borhood of the agents as a set of N  candidate 
solutions placed on the hypersphere of radius 
R  centered on the current position of an agent 
(N  is a parameter of the algorithm). Figure 
3 illustrates this neighborhood in dimension  
2 . Another set of N  points are generated and 
stored at the beginning of the MADO algorithm. 
These points are calculated in order to meet the 
following constraints:

The smallest distance between them is 
maximized;
The distances between them and the ori-
gin of the space (the point (0, 0,..., 0) ) 
are equal to 1 ;

Figure 2. Overall scheme of MADO algorithm
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The number of dimensions of the space in 

of dimensions of the search space.

This computation is done using the well 
known electrostatic repulsion heuristic (Conway 
& A., 1998), that considers points as charged 
particles repelling each other. Starting from an 
arbitrary distribution, it uses point repulsion, 
where all points are considered to repel each 
other according to a 1/ 2r  force law, with r  the 
distance between two points, and dynamics are 
simulated. The algorithm runs until the satisfac-
tion of a stopping criterion, and the resulting 
set of points is returned. We use a stopping 
criterion that is satisfied when no point can be 
moved by a distance greater than , typically 
equal to 10 4 . Then, this set of points is used 
by agents to get the positions of the candidate 

solutions of their current neighborhood. The 
procedure used to get the exact positions of 
candidate solutions is presented in Algorithm 
1; where S  is the computed set of an agent’s 
candidate solutions, d  is the number of dimen-
sions of the search space, S  is the precalculated 
set of uniformly spaced N  points on the unit 
hypersphere and P

c
 is the current position of 

the agent. We can note that, for d = 1 , the only 
possible set of points for S  is ( 1),(1)  and 
agents can only move forward or backward by 
steps of length equal to R . In this particular 
case, the generated unit vector V  can only 
be ( 1)  or (1) . The use of the Householder 
reflection (Householder, 1958) is required here 
in order to sample candidate solutions on the 
whole surface of the unit hypersphere. It allows 
generating from S  new sets of uniformly spaced 

S

V a random unit vector uniformly distributed on the hypersphere of radius 
1 , of d  dimensions and centered on the origin 
foreach point P S

i
do

 P
i
r  the Householder reflection of P

i
 which uses V  as the Householder vector 

 (to randomly reflect P
i
)

 P P R
i
rs

i
r  (to scale P

i
r  by R ) 

 P P P
i
rst

i
rs

c
(to translateP

i
rs  on the agent’s local landscape hypersphere) 

  ifP
i
rst  is inside the search space then(if it is not beyond the boundary of 

 the search space)

  S S P
i
rst{ }  

 end 
end 
returnS

Algorithm 1. Calculates the set of candidate solutions of an agent

Figure 3. The sampling of candidate solutions of an agent, when d = 2  and N = 8
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points on this hypersphere, rather than directly 
using the predefined set S . Moreover, the use 
of the precalculated set S  allows to perform 
the electrostatic repulsion heuristic only one 
time (at the beginning of the algorithm), rather 
than each time a new set of candidate solutions 
is generated. This way, it saves a significant 
amount of computation time.

3.2.2 The Step Size 
Adaptation Strategy

The adaptation of the radius R  makes use of 
trajectory information gathered along the steps 
of an agent. We propose to use the “cumulative 
path length control” described in (Hansen & Os-
termeier, 2001), with much simpler calculations. 
The Figure 4 illustrates the two possible kinds 
of “bad” trajectories that an agent may follow. 
When one of these cases is detected, an increase 
or a decrease of the step size R  is performed. 
The first case (Figure 4( )a ) may mean that the 
agent is turning around an optimum, without 
being able to reach it directly. This is due to a 
too large step size, leading to back and forth dis-
placements, which cancel each other out. Thus, 
in this first case, a decrease in R  is needed. On 
the contrary, the displacements on Figure 4( )b  
are oriented in the same direction, which may 

mean that the agent is hill climbing a large peak 
(a peak is considered to be large when, climbed 
by an agent, the statement U s

n u
>  becomes 

true (see equation (5) and Algorithm 2)). Then, 
to avoid too slow moves to the top of this peak, 
an increase in R  is performed.

Information about the successive moves of 
an agent is collected by using a “cumulative dot 
product” of old successive displacement vectors. 
It is done using the following formula:

U
c

D D

D Dn i

n

u
n i i i i i

i i i i
=

( )
=1

2
2 , 1 1, 2

, 1 1, 2

if n

otherwise

> 2

0
 

 (4)

where U
n

 is the cumulative dot product of an 
agent’s search trajectory, n  is the number of 
successive positions of this trajectory, D

i i, 1
 is 

the displacement vector from the ith  position to 
the ( 1)i th  position in this trajectory, and c

u
 

is a constant in [0,1] , where 0  gives no weight 
to displacements before the last one, whereas 
1  applies the same weight to the last displace-
ment and to its previous ones. In practice, U

n
 

Figure 4. The two kinds of trajectories that lead to a step size adaptation
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is computed using a recurrence relation on 
U
n 1

 and on the two last displacements (see 
equation (5)). There is no need to record all 
the displacement vectors of the agents, but only 
their two last ones.

U
c U

D D

D D
if n

otherwise
n

u n

n n n n

n n n n
=

> 2

0

1

2, 1 1,

2, 1 1,

 
 (5)

Then, U
n

 is used to determine the decision 
for the step size adaptation. The first case Figure 
4( )a  tends to produce negative dot products, 
whereas the second case tends to produce posi-
tive ones. Hence, when the value of U

n
 falls 

beyond a negative threshold, the step size of 
the agent will decrease, and when the value of 
U
n  exceeds a positive threshold, the step size 

of the agent will increase (Algorithm 2).

Algorithm 2. Adaptation of the step size using 
the cumulative dot product

ifU s
n u
< then

 
R c R

r

 U
n

0

else ifU s
n u
> then

 

R
c
R

r

1

 U
n

0  
end 

where c
r

 is constant in ]0,1] , and s
u

 is a 
constant threshold, calculated as follows:

s cos c
u u
= (

3
) (1 )  (6)

This formula can be explained by the fol-
lowing considerations. In the case of c

u
= 0 , 

the value of U
n

 (see equation (5)) will be equal 

to the cosinus of the angle, denoted a , between 
the last two displacement vectors of an agent. 
As a  can take any value in [0, ] , this interval 
has been uniformly partitioned and linked to 
the three following cases:

1.  The agent follows a trajectory as in Figure 
4( )a . This case produces the highest val-
ues of a , and is associated to the interval 

[
2

3
, ] ;

2.  The temporary situation, where we cannot 
take a decision about the agent. Hence, no 
step size adaptation is made in this case. 

It produces values of a  around 2 , and it 

is related to the interval [
3
,
2

3
] ;

3.  The agent follows a trajectory as in Figure 
4( )b . This leads to the lowest values of a , 
and this last case corresponds to the interval 

[0,
3
] .

This case (c
u
= 0 ) corresponds to the 

case where the threshold value s
u

 is equal to 

 cos(
3
) . Generally, c

u
 is not equal to 0 , but can 

take any value in the interval ]0,1] . We propose 
to adjust this threshold using equation (6).

The agents step size adaptation assumes 
that the agents are always able to move to a 
better position from their current one. This is a 
condition to be able to compute U

n
 from U

n 1
 

and the last displacement. If an agent cannot 
find a better solution in its local landscape, 
the agent stays on its current position. Then, a 
second adaptation method is proposed in this 
particular case. This method is based on the 
following assumption: if the agent cannot find 
a better solution in its local landscape, then, 
it has probably finished hill climbing a peak, 
and an optimum may lay at a distance lower 
than the current radius of its neighborhood (the 
hypersphere of radius R ). Then, reducing this 
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radius may let the agent continue its search to-
wards the nearby optimum. Briefly, the second 
adaptation method consists in decreasing R  
in order to let the agent converge to the found 
optimum (R c R

r
).

3.2.3 The Convergence Process 
and the Stagnation Criterion

We consider that an agent converged to a local 
optimum, when none of its last 

t
 steps improved 

significantly the fitness value of its current so-
lution (if f f for n

n n p t1
= 1,2,...,  

where fn  is the fitness of the solution found 
by the agent n  trajectory steps ago). This is a 
well known stagnation criterion for stopping a 
local search. We use the parameter 

t
 to prevent 

unnecessary fitness evaluations. An adaptation 
method for the number of neighbor solutions, 
that have to be evaluated in order to find the 
new position of an agent, is based on the fol-
lowing considerations. When an agent is close 
to a local optimum, it has a lower probability 
to get out of this local optimum than an agent 
that is still exploring the landscape. The agent 
will not be likely to escape from the basin of 
attraction (the region of the search space, around 
an optimum, that leads to trajectories towards 
this optimum) it has converged to, even if it 
performs a lot of fitness evaluations. However, 
for an agent that is still exploring the landscape, 
it is important to maintain a good trajectory, in 
order to hill climb towards a high quality solu-
tion. The convergence level of an agent can be 
expressed by the number of its last d

t
 steps 

that did not improve its fitness more than 
p

. 
The Algorithm 3 summarizes the procedure to 
find the next position of an agent.

Algorithm 3. The search for a better solution 
among the neighboring ones

v v
c

P P
best c

foreach point P S
i
rst do

 v
i evaluateP

i
rst  

 ifv v
i
> then

  v v
i

  P P
best i

rst

 

  ifrand d
t t
( ) < then 

   return( , )P v
best

 
  end 
 end 
end 

return( , )P v
best

where v
c

 is the current fitness of the agent, 
P
c

 is its current position, S  is the set of all 
neighbor candidate solutions of the agent, P

i
rst  

is a reflected scaled translated position of a 
given solution, rand

t
( )  generates a uniform 

random number in [0, ]
t

, d
t

 is the number of 
steps that the agent has made without improving 
its fitness more than 

p
, and P

best
 and v  are the 

new solution of the agent in its search trajectory 
and its new fitness value, respectively.

When an agent has finally found a local 
optimum, the agent manager sends this optimum 
to the coordinator, that will transmit it to the 
memory manager. Then, the coordinator shows 
to the agent manager where this agent will be 
repositioned, in order to perform a new trajec-
tory search. A new value is given to the step size 
(R ) of this agent. The way the new step size 
value is calculated is described in subsection 3.4. 
One can remark that in a flat landscape, agents 
will not move from their initial position (their 
trajectory will consist in a succession of the 
same initial point), and stop their local search 
after 

t
 steps. Thus, in a flat landscape, the local 

optima transmitted to the memory manager will 
be always the initial positions of the agents. In 
this particular case, the only adaptation of the 
step size of an agent is a decrease in R , since 
no displacement vectors can be computed (the 
agent does not move).
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3.2.4 The Diversity 
Maintaining Strategy

To prevent several agents from exploring the 
same zone of the search space, and to prevent 
them from converging to the same local opti-
mum, an exclusion radius r

e
 is attributed to 

each agent. Hence, when an agent detects one 
or several other agents at a distance lower than 
r
e

, only the agent with the best fitness, among 
the detected agents and the agent having de-
tected them, is allowed to continue its search. 
All the other agents have to start a new search 
elsewhere (see subsection 3.4 to see how they 
are repositioned). The value of r

e
 is dynami-

cally adjusted each time a new local optimum 
is memorized, and its new value is calculated 
by the memory manager. To prevent that r

e
 

becomes too small, a given radius r
l
 needs to be 

introduced. This radius will be used as a lower 
bound for r

e
. It is required, in order to avoid the 

use of near zero values for r
e

 and as initial step 
size. Too small values for these radius will slow 
the adaptation processes. The update process 
of r

e
 is administrated by the coordinator, and 

executed by the memory manager.

3.2.5 The Flowchart of an Agent

Agents perform their search by running their 
local search algorithm independently of each 
other. The flowchart of the agents search algo-
rithm is illustrated in Figure 5. One can remark 
that a special state named “SYNCHRONIZATION” 
appears two times in this flowchart. This state 
marks the end of one “loop” of the algorithm 
of an agent. Hence, when this state is reached, 
the agent manager halts the execution of this 
agent until all other agents have reached a 
SYNCHRONIZATION state. Then, the execution of 
the agents is resumed at the SYNCHRONIZATION 
state they previously halted on (not at another 
SYNCHRONIZATION state). This special state allows 
then the parallel execution of the agents.

3.3 Memory Management Module

3.3.1 Local Optima 
Archiving Strategy

The memory manager maintains the archive of 
local optima found by the agents. This archive 
must be bounded, its size is fixed by a predefined 
number n

m
 of entries. Thus, all the found optima 

cannot be included into this archive, only the 
n
m  best ones will be stored. When the archive 

is full, we propose the following condition to 
update the archive:

If the new optimum is better than the 
-

ness value is at least equal to the one of 
this worst optimum, then this worst opti-
mum is replaced by the new one;
If there is one or several other optima 
in the archive that are “too close” to the 
new optimum, then it is possible that all 
these optima close to each other are in 
fact scattered around the top of one peak. 
Thus, this subset of solutions is replaced 
by the best optimum among them. Hence, 
if there are other optima in the archive 
that are “too close” to the newly found 
one, this new optimum will replace them, 

process of detecting possible “too close” 
optima is presented in Algorithm 4.

Algorithm 4. The replacement of suboptimal 
stored solutions

S O
sub c

{ }

O O
best c

foreachO S
i m do

 ifdist O O r
i c o
( , )  then

  S S O
sub sub i

{ }
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if fitness O fitness O
i best
( ) > ( ) then   

  O O
best i  

  end 
 end 
end 

S S O
sub sub best

{ }

S S S
m m sub

S S O
m m best

{ }

where O
c

 is the newly found optimum, S
m

 
is the archive of stored optima, dist O O

i c
( , )  

computes the distance between O
i
 and O

c
, 

fitness O
i
( )  is the fitness value of O

i
 and r

o
 

is a threshold that defines the boundary of the 
suboptimal zone around an optimum, where 
there is not any other optimum.
r
o

 does not need to be lower than the lowest 
initial step size r

l
 of an agent, because even if 

there was another optimum O  at a distance 
from O

best
 lower than r

l
, an agent starting a 

new search from O
best

 would detect O . This 
is due to the fact that O  will lie in the local 
landscape of the agent (inside the hypersphere of 
radius R  with R r

l
). Then, an agent starting 

a new search from O
best

 would be able to sample 
candidate solutions around O . Moreover, r

o
 

must be high enough in order, for most stored 
suboptimal solutions, to be detected and re-
moved. One can remark that, in the case where 
the landscape has thin peaks close to each other, 
a high value of r

o
 will remove some of them. 

The value of r
e

 is adjusted in order to prevent 
agents from hill climbing a same peak, and this 
value should be indeed a good upper bound for 
r
o

. From these considerations, a good choice 
for the value of ro  appeared to be the geometric 
average of rl  and re . The value of r

o
 is thus 

calculated according to (7).

r r r
o l e
=  (7)

3.3.2 The Computation of 
the Exclusion Radius

Another task assigned to the memory manager 
is updating the value of r

e
. At the beginning, an 

initial value of r
e

, denoted by r
e
max , is calculated 

according to (8).

Figure 5. The main algorithm flowchart of a MADO agent
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r
ne

max

a

=
1

2  (8)

where n
a

 is the predefined number of agents 
created in the search space at the beginning 
of the MADO algorithm. As it will be shown 
in subsection 3.4, the number of agents may 
vary temporarily, but the average number of 
agents along the whole search process tends 
to be equal to n

a
. According to (8), when n

a
 

increases, re
max  decreases. We have to take 

into account that the increase in the number 
of agents will increase the probability to have 
several agents converging to the same optimum. 
Thus, if r

e
max  does not decrease according to 

the number of agents, then for a high number 
of agents, most of them will never start a new 
local search, because of the presence of other 
agents in their exclusion radius. The formula 
(8) has also been chosen because it gives the 
largest radius that an agent can have. It allows 
to place all the n

a
 agents in a one-dimensional 

search space, without having their exclusion 
radius overlapping another one.

When a new optimum is found, it is 
transmitted to the memory manager, and if 
this optimum is accepted, then the memory 
manager will update the value of r

e
 using this 

last stored optimum. The process of updating 
r
e  is presented in Algorithm 5; where S

m
 is the 

subset of optima in the archive without the last 
stored optimum, Sm  is the set of stored optima, 
O
c

 is the last stored optimum, dist O O
i c
( , )  

computes the distance between O
i
 and O

c
 

and card S
m
( )  is the number of optima in the 

set Sm . To update r
e

, we compute the average 
value of the lowest distances from each stored 
optimum to the others, denoted by 

mean
. This 

is done using (9).

mean

O
i
S
m

O
j
S
m

O
i

j i

m

min dist O O

card S
=

( , )

( )

{ }

 (9)

S S O
m m c

{ }

ifcard S
m
( ) > 0then (since we need to compute distances, there must be at least two optima 

in the archive)

  
min

 foreach O S
i m

 do(computes the lowest distance between the new optimum and the 

 previously stored ones)

  i i c
dist O O( , ) 

  if 
i min
<  then

   min i

  end 

 end 

      (since a too high re might prevent the convergence to optima close to each other,

 if min
e
maxr

2
< then         r

e
max is used as an upper bound for min

2
)

  
r

card S r

card Smean

m e
min

m

( )
2

( ) 1

  r
card S r n card S r

ne
new m mean m m e

m

( ) ( )

  r r
e e

new
 

 end 
end

Algorithm 5. The updating of the exclusion radius
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Assuming that r
e

 tends to be equal to the 
average value of the lowest distances from 
each optimum of S

m
 to the others, then we 

can replace the sum of these lowest distances 
in (9) by 2 ( )card S r

m e
. This leads to the 

formula (10).

mean

m c e O
j
S
m

O
c

j c

m

card S O r min dist O O

card S

2 ( { }) ( , )

( )

{ }

 
 (10)

Since the exclusion radius re  should match 
the average “radius” of the attractive zone of a 
peak, it is estimated by half the average lowest 
distance between the top of two peaks. This 
value, denoted by rmean , is calculated from 

mean
 using (11):

r
mean

mean=
2

 (11)

When S
m

 is nearly empty, the updating 
process does not have enough optima to estimate 
a fitted average lowest distance between peaks. 
Then, it should not modify the value of r

e
 so 

much. However, when S
m

 will be filled out, 
this estimation will be adapted to the search 
space landscape, and r

e
 will be made close to 

r
mean . This is the idea behind the expression of 
r
e
new

 in Algorithm 5.

3.4 Coordinator

The coordinator administrates all the main 
operations of the search process, by giving 
instructions to memory and agent management 
modules, and receiving information from them. 
It is in charge of the creation of the agents at 
the beginning of the algorithm. The number of 
agents to be created is given by the parameter 
n
a . The locations of these agents at the start 

of the search process are not randomly gener-
ated, but are computed in order to maximize 

distances between them. This is done by using 
the electrostatic repulsion heuristic described 
in section 3.2.1. Rather than constraining the 
repulsing points to stay on the surface of the 
unit hypersphere, they are constrained to stay 
inside the hyperrectangle, denoted by T , that 
is centered in the search space (Figure 6). As 
illustrated in Figure 6, T  is the Cartesian 
product of intervals T r r

i e
max

e
max= [ ,1 ]  with 

i d= 1,2,..., . Thus, at the end of this heuristic, 
we get a set of initial positions for the initial 
set of agents, which are optimally covering the 
search space, i.e. the lowest distance between 
two of them is maximized inside T .

The instruction to create the initial set of 
agents is given to the agent management module, 
then the MADO algorithm can start the search 
process. The exploration of the search space 
is done by the agents, using trajectory local 
searches. Once an agent has found an optimum, 
this optimum is transmitted to the coordinator, 
that transmits it to the memory management 
module. Afterwards, the coordinator transmits 
a new location and a new step size to the agent. 
This new location is randomly generated and 
uniformly distributed in the search space, under 
the constraint that the lowest distance between 
this new location and the current position of 
any agent is greater or equal to the exclusion 
radius r

e
. After five attempts to generate a 

new location at a random position outside the 
exclusion radii of agents without success, the 
coordinator sends a delete instruction to the 
agent manager. We did so because of the high 
probability that the search space is satured with 
existing agents. If a random position satisfying 
the constraint is found, it is given as the new 
position of the agent, and its new step size is 
calculated as in (12):

R max r rand
e

= , (1)  (12)

where rand(1)  generates a uniform random 
number in [0,1] .

The coordinator detects also the changes 
in the environment. This detection is performed 
when all the agents have finished one loop in 
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their search algorithm, i.e. when all the agents 
have moved one step ahead in their trajectory 
and/or performed one adaptation of their step 
size.

Changes in the environment are detected by 
re-evaluating the fitness of the best optimum of 
the archive. When any optimum has been found 
yet, we re-evaluate the current fitness of an agent 
randomly chosen, and compare it to its previous 
value. If these values are different, a change 
is supposed to have occurred, and a tracking 
of the stored optima is performed (Algorithm 
6); where S

a
 is the set of all agents, S

m
 is the 

archive of stored optima and rl  is the lowest 
possible initial step size of an agent, i.e. the 
lowest allowed value for r

e
. The use of such 

a low initial step size for these new agents is 
needed in order to track the optima, i.e. to hill 
climb the peaks of the previously stored optima 
to find their new position. A large initial step 
size allows these agents to leave the peaks of 
the tracked optima. Thus, they will explore other 
zones of the search space rather than staying 
on the peaks they have to hill climb. Hence, 
the best value for r

l
 is the value that takes 

foreach a S
i a

 do 

 Re-evaluate the fitness of a
i

end 

foreach O S
i m

do

 Re-evaluate the fitness of O
i
 

 Create an agent located on O
i
 and with an initial step size of rl  

end 

S
m

Algorithm 6. The tracking of stored optima after a change

Figure 6. Computation of an initial set of 5 agents in a two-dimensional search space
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into account the move of the peaks through the 
search space.

As we can see, the number of agents varies 
along the search process, and can be lower or 
greater than the initial number na . However, 
to prevent the number of agents to increase 
more and more at every detection of a change 
in the environment, the coordinator will send 
a delete instruction if the number of agents is 
higher than na , rather than letting an agent 
start a new search, when its trajectory search 
is finished. This way, the number of agents will 
be temporarily higher than n

a
 (after a change 

has been detected), and will decrease to n
a

, 
because the excess agents will just track the 
previously stored optima and send back their 
new positions.

3.5 Parameter Setting of MADO

Table 2 summarizes the eight parameters of 
MADO that the user has to define. In this table, 
the values given are suitable for MPB and they 
were fixed experimentally. These values will 
be used to perform the experiments reported 
in Section 4.

We fixed the number of agents equal to 4 , 
because the convergence needs to be fast. Hav-
ing too many agents exploring the search space 
will slow down the individual convergence of 
each agent and lead to a waste of fitness func-
tion evaluations. The precision parameter 

p
 

and the lowest step size rl  need to be correctly 
adapted to the change severity and to the change 
frequency of the environment. A low value for 

p  makes the agents unable to track optima in 
a fast changing environment, since they will 
spend too many iterations on fine-tuning their 
current solution, and might never be able to 
send it to the coordinator for archiving, before a 
new change in the environment occurs. Hence, 
the lower is the number of iterations between 
two changes, the higher should be the value of 

p
. This means that the precision of the found 

optima in fast changing environments might be 
worse than in slow changing ones.

The value of r
l
 needs also to be well suited 

to the severity of the changes, since a low value 
of r

l
 in a fast changing environment requires a 

lot of adaptations of the step size, and a waste 
of many fitness function evaluations. On the op-
posite, a high value of r

l
 may make the tracking 

agent leave the peak of the optimum it has to 
track, and make it begin exploring the search 
space elsewhere. The other parameters of the 
algorithm are much less critical, and might be 
left at their default values (given in Table 2).

4. RESULTS AND DISCUSSION

We used the Moving Peaks Benchmark in order 
to test the MADO algorithm. In (Branke, 1999), 
three sets of parameters, called scenarios, were 
proposed. These scenarios are given as a set 
of standard settings, that can be used in order 
to produce comparable results. Authors have 
to specify the scenario they used to test their 
methods, preventing the use of custom settings 
that may differ from one paper to another. It 
appears that the most commonly used set of 
parameters for MPB is scenario 2 (see Table 
3), hence, it will be used in this article. In this 
scenario, the correlation coefficient  is equal 
to 0 , which means that when a change occurs, 
the peaks move in random directions that are 
not correlated to their previous moves. Hence, 
the direction of the peaks’ moves cannot be 
predicted from the direction of their previous 
moves. This leads to a harder scenario than if 
we used a value of  strictly greater than 0 . 
The rest of this section is organized as follows. 
Firstly, an experimental analysis of the MADO 
algorithm is made, justifying the use of each 
component of the algorithm. This analysis is 
followed by a comparison to other methods 
on scenario 2, for various numbers of peaks 
and dimensions.

4.1 Empirical Analysis of 
the MADO Algorithm

An evaluation of all the different components 
of the MADO algorithm is made, in order to 
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justify their requirement for obtaining quality 
results. This evaluation is performed on scenario 
2 of MPB, and the resulting offline errors and 
standard deviations averaged on 100  runs are 
summarized in Table 4, for different variants 
of MADO algorithm. The maximum number of 
iterations is fixed to 5 105 , that corresponds 
to 100  changes occurred in the environment 
during each run.

As one can see, the standard MADO is better 
than all the simpler variants tested here. Among 
these variants, we can note that MADO

r
e

  

does not perform a detection of other agents 
inside the exclusion radius r

e
 of an agent, i.e. 

an agent has not to start a new search elsewhere 
when it is too close to another agent, and the 
coordinator has not to generate a new starting 
position, for an agent outside the exclusion 
radius of the other agents. Thus, all agents can 
explore the same zone of the search space. 
However, r

e
 is still used in MADO

r
e

 for  
 
the other procedures, as in equation (12) and 
in Algorithm 4. In MADO

r
e
adapt

, the only  

difference with the standard version is that 
r
e

 is constant and equal to r
e
max , i.e. the Al-

gorithm 5 is not performed. In MADO
S
a
max

, 

the electrostatic repulsion heuristic is not used 
to produce the initial set of agents, since their 
positions are randomly generated inside the 
search space and outside the exclusion radius of 
existing agents. In MADO

S
, the electrostatic 

repulsion heuristic is not used to produce the 
set S  of candidate solutions of an agent, and 
the candidate solutions are randomly generated 
and uniformly distributed inside the hypersphere 
of radius R  centered on the agent’s current 
position. In MADO

CDPA
, the cumulative 

dot product adaptation of the step size is not 
used, and the only adaptation process used is 
the reduction of R  (when no better candidate 
solution can be found in the local landscape 
of an agent). Finally, we can also note that in 
MADO

r
l
track , the initial step size of an agent,  

 
created by the coordinator when a change is 

Table 2. MADO parameter setting 

ame Interval Default value Short description

n
a 4 initial (and average) number of agents

n
m 10 capacity of the archive of found optima

N round d(0.28 2) number of candidate solutions per agent’s move, where round v( )  gives the 
nearest integer to v

c
u

[0,1] 0.5
coefficient which defines the weight of the cumulative dot product in the step 

size adaptation process

c
r

]0,1] 0.8
coefficient which specifies how much the step size is decreased (or increased) 

during its adaptation

r
l

]0,1] 0.0025 lowest possible step size (should match the change severity of the search space)

t 8
maximum number of moves an agent can make without improving its fitness 

more that p

p 0.005
the precision parameter of the stagnation criterion of the agents trajectory 

searches
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detected in the environment (on the location 
of a previously found optimum), is generated 
using equation (12).

From Table 4, one can conclude that the 
most important components of the MADO 
algorithm, in order to obtain good results, are 
the archiving of found local optima, the use of 
maximally spaced candidate solutions on the 
surface of the local landscape hypersphere of 
agents, and the use of r

l
 as initial step size of 

the agents created (in place of stored optima, 
when a change is detected).

To give an idea about the computational 
cost of the MADO algorithm, the average 
time on 100  runs needed to compute 5 105  
fitness function evaluations on the scenario 2 
of MPB, using a 2.26  GHz Intel Core 2 Duo 
P8400 processor, is equal to 363  milliseconds, 
including the time of evaluation of the fitness 
function of MPB.

4.2 Comparison with 
Competing Methods

The comparison, on MPB, of MADO with 
the other leading optimization algorithms 
in dynamic environments is summarized in 

Table 5. The offline errors and the standard 
deviations are given, and the algorithms are 
sorted from the best to the worst. Results are 
averaged on 100  runs or 50  runs of the tested 
algorithms, and the maximum number of fitness 
evaluations per run is fixed to 5 105 , i.e. 100  
changes per run.

Results gathered in Table 5 for competing 
algorithms are those given in the references 
listed in the first column. As we can see, MADO 
is the second best algorithm in this classifica-
tion, and its confidence interval overlaps the 
confidence interval of the best rated algorithm. 
Although MADO is rated behind MMEO (Mo-
ser & Hendtlass, 2007) on scenario 2 of MPB, 
MMEO produces worse results than MADO on 
some other instances of MPB, i.e. those with 
a higher number of peaks or dimensions. An 
extended comparison, averaged on 100  runs 
with 100  changes per run, between MMEO and 
MADO, is given in Table 6. Scenario 2 is still 
used, with a modified value of one parameter in 
each column, and the offline error is also used, 
with its standard deviation.

This comparison shows that MADO is more 
robust and can be applied to highly multimodal 
DOPs and DOPs with high dimensionality.

Table 3. MPB parameters in scenario 2 

Parameter Scenario 2

Number of peaks 10

Dimensions 5

Peak heights [30,70]

Peak widths [1,12]

Change cycle 5000

Change severity 1

Height severity 7

Width severity 1

Correlation coefficient 0
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5. CONCLUSION

A new multiagent algorithm has been designed 
for continuous dynamic optimization problems. 
In this algorithm, a multiple trajectory local 
search strategy with an adaptive step size has 
been implemented. These local searches are 
conducted by the agents of the algorithm, and 
a memory was added for archiving the found 
optima. This way, when a change is detected 
in the environment, the archived optima can 
be re-used in order to track them through the 
search space. The agents and the memory are 
also encapsulated in two different modules, that 
are themselves coordinated by a third module. 
This third module, named the coordinator, 
takes all the global decisions and actions over 
the whole search process, like deleting or 
creating agents, and detecting changes in the 

environment. This implementation has been 
specifically designed for dynamic continuous 
optimization, and proved its efficiency on the 
Moving Peaks Benchmark. This algorithm can 
also be expected to produce good results, when 
solving static objective functions.

The major drawback of MADO is that 
its critical parameters are not automatically 
adjusted along with the search process, and 
need to be fine-tuned by the user. In works in 
progress, we would like to make these critical 
parameters adaptive. We will also attempt to 
make this algorithm simpler and lighter. Some 
of its components may be subject to replace-
ment or deletion, and the number of parameters 
may be reduced. Finally, as a lot of real world 
DOPs are multi-objective, or have a lot of 
constraints that can be dynamic, the proposed 
algorithm may also be modified to make it 

Table 4. Offline error on MPB for each simplified variant of the MADO algorithm 

Variant Offline error Short description

MADO 0.80 0.19 the standard MADO algorithm

MADO
n
a
=1 1.26 0.48 with only one exploring agent

MADO
n
m
=0 5.96 0.37 without archiving local optima

MADO
r
e

1.23 0.38 no exclusion radius for the agents

MADO
r
e
adapt 0.82 0.24 no adaptation of the exclusion radius

MADO
S
a
max 0.84 0.26 no lowest distance maximization for the initial set of agents

MADO
S 3.78 0.48 no lowest distance maximization for candidate solutions

MADO
CDPA 1.06 0.33 no cumulative dot product adaptation of the step size of the agents

MADO
Rmin 0.91 0.33 using r

l
 instead of re  as lower bound of the initial step size of an agent (see 

(12))

MADO
r
l
track 2.82 0.24 without using r

l
 as initial step size for agents created in place of stored op-

tima
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multi-objective and able to handle hard and 
dynamic constraints.
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